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MICROWAVE ATMOSPHERIC REFRACTION CORRECTION RADIOMETER
W. M. Lay son and C. F. Martin
Technical Staff
Pan American World Airways
Guided Missiles Range Division
Patrick Air Force Base, Florida
Range measuring systems are limited in accuracy by uncertainties in
the atmospheric refraction correction. The effects of water vapor are
difficult to evaluate and are responsible for most of the problem. The appli
cation of a microwave radiometer to measure the random noise radiation from
water molecules along a transmission path can lead to a precise determination
of the water vapor content of the atmosphere. The refraction correction can
then be made to an accuracy of less than 1% as compared to present methods
which give 3 - 5%.
I.

Introduction

The accuracy of radar tracking systems has increased to the stage where
one of the major limiting factors is tropospheric refraction, especially at low
elevation angles [ 1 1 . Much effort has been expended to establish realistic
error models and to correlate ground measurements with refraction over the
ray path. Because of the variability, both in space and in time, of the refractive
index of the atmosphere, these efforts have met with only limited success. Dr.
*
A. C. Menius, a consultant to the Pan American Technical Staff, has suggested
the use of a radiometer in arriving at better refraction corrections. Proceed
ing from his preliminary calculations, the authors have developed a technique
which shows considerable promise.
In particular, it is proposed to measure atmospheric noise as a function of
elevation angle and then to relate this noise, or Mantenna temperature, M to the
water vapor contribution to tropospheric refraction. Section n presents the effects
of tropospheric refraction on electronic tracking signals in terms of integrals of
atmospheric physical properties over the ray path from the tracking station to
Dean, School of Physical Sciences and Applied Mathematics, North
Carolina State, University of North Carolina at Raleigh.
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the tracked vehicle. One of these integrals is calculable with considerable
certainty from meteorological measurements, but the other is not. In Section
IE, it is shown that this variable integral can be evaluated as a function of
elevation angle if the integral of the total absorption coefficient at a suitable
microwave frequency is known. The next section then shows that the integral
of the total absorption coefficient along the ray path can be measured by a
microwave radiometer, which is further discussed in Section V. Finally, con
clusions are listed in Section VI.
II.

Tropospheric Refraction and Radar Tracking

In radar tracking of vehicles either inside or outside the earth T s atmosphere,
the quantity which is actually measured is the transit time of a (generally micro
wave) electromagnetic signal between the vehicle and a ground station. If there
were no atmosphere, then the true range would be obtained by multiplying the
measured transit time, At , by the free space velocity of light, c. But At is
really the integral of d s/v along the ray path, with v the actual velocity of
the signal. Using the fact that v is the free space velocity divided by the index
of refraction n, At may be written

= -c
At = Jf.*iv = Jr**
c/n
Accordingly, the apparent range is
Rap = cAt = /nds

(2)

The range correction which would then be necessary due to refraction effects
is the difference between this apparent range and the true range R , or
= / nds - R
AR = R^
dp - R

(3)

Because of the fact that the refractive index of the atmosphere varies
both vertically and horizontally, the true ray path between tracking station and
space vehicle will not be the same as that which would be followed in the absence
of the atmosphere. However, the difference in path lengths is small for elevation
angles above five degrees. If necessary, we could calculate the path difference
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based on some atmospheric model (such as an exponentially varying refractive
index) for elevation angles down to two degrees or so with sufficient accuracy
as to leave negligible residual error from the same path assumption. We may
then replace Equation (3) by
AR = / (n-l)ds ,

(4)

with the integral taken along the actual ray path.
For convenience, it is common practice to introduce the quantity
N = 106 (n-l) .

(5)

Thus, an accurate refraction correction requires a good estimate of the
integral
/ Nds -

106 AR .

(6)

For wavelengths in the microwave region, which is by far the most
important region for missile tracking, the troposphere is the only portion
of the atmosphere which contributes to refraction. For the correction of
radar tracking data, the ideal solution would be through the independent
measurement of / n d s (or /Nds) over the ray path simultaneous with the
tracking measurement. Due to refractive index fluctuation, and the fact that
the troposphere extends up to about 30 miles, it is, of course, not feasible to
obtain refractive index measurements along a large set of ray paths which will
be valid for an appreciable length of time.
Fortunately, the variability of the tropospheric refractive index is primarily
due to only one of the constituents of the atmosphere, water vapor, and this is
essentially confined to regions below 40, 000 feet. It is thus possible for aircraft
carrying refractometers to fly over actual ray paths in near real time. In this
way, information can be obtained on the variability of the refractive index along
typical ray paths; however, changes with time while a single ray path meas
urement is being made, the necessary time lag between measurements and
missile flight, and the large number of flights which would be necessary to
cover all ray paths preclude the use of aircraft refractometer data to follow all
fluctuations in / Nds as the ray path to a missile sweeps through the atmosphere.
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To see how the fluctuating refractive index integral arises, let us now
decompose / Nds into integrals depending upon physical properties of the
atmosphere along the ray path. From a combination of theory and experi
ment, it is found that the refractivity, N, of the atmosphere can be ex
pressed as

N = K 4i + T
where T is the absolute temperature (° K), p is the total atmospheric
pressure (millibars), e is the partial pressure of water vapor,
and

A - 77. 607 ± 0. 013 ° K per millibar
9
_
p_
B - 3. 73x10° ± 0. 04 x 10° (°Kr per millibar .

Physically, the first term in Equation (7) is due to the induced polarization
of all the air molecules, while the second term is associated with the per
manent electric dipole moment of water molecules. A complete discussion
of the theory has been given by Van Vleck [ 2 ] , while the currently used
values of the constants have been presented by Smith and Weintraub [ 3 ] .
It may be noted that to accuracies of 1/10%, no frequency dependence (dis
persion) has been found for Equation (7) in the microwave region [3, 4 ] .
Since the ratio of pressure to temperature is proportional to density for
any gas (except at high pressures and temperatures), we can also write the
expression for refractivity as
(8)

N = Ap + Bp w T" 1 ,
3
12
where p T" = 216. 7 e T" grams per meter per ° K, with p the total
air density and p the density of water vapor. Integrating N along a ray
path, one has
/Nds = A/pds + B/p w T" 1 ds

.

(9)

As stated above, the integral of the total density along the ray path can be
calculated with much more certainty at the low elevation angles than can the
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integral of p W T" . Particularly, the variation of Jp Vv T" ds with
elevation angle is difficult to obtain accurately from either "standard"
meteorological measurements or from aircraft refractometer flights.
It is this type of information which should be provided through the micro
wave radiometer measurements.
III.

Tropospheric Absorption of Microwaves

In Equation (9), we have expressed the effect of tropospheric refraction
on range in terms of two integrals of atmospheric physical properties along
the ray path from tracking site to missile. The first of these integrals is
calculable with sufficient accuracy from ground level measurements and
available knowledge of the variation of atmospheric density with altitude. The
second integral, which depends on the amount of water vapor, is neither readily
calculable nor directly measurable. In this section, we would like to express
the latter integral in terms of two other integrals, one of which is calculable
from a knowledge of the variation of atmospheric density with altitude, while
the other is measurable by means of the microwave radiometer to be discussed
in the following two sections.
That there should be a close relation between absorption measurements
and refraction corrections is not really surprising, since the dispersion re
lations [ 4 ] , derived on quite general physical grounds, show that if either
the index of refraction or the absorption coefficient is known as a function of
frequency, then the other can be calculated for all frequencies. However, we
shall here be concerned with only a limited range of frequencies, all in the
microwave region.
The absorption of the atmosphere in the centimeter region is due almost
For the latter the absorption of micro
entirely to 0^ and water vapor.
waves is a sum of contributions from a number of resonances, the most
important of which is located at a wavelength of 1. 35 cm. Van Vleck I 4 J

Fog, clouds, and rain can also contribute significantly under some
conditions. For most missile tracking situations they should be re
latively unimportant.
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has recommended an absorption formula derived from quantum mechanical
perturbations calculations which gives good agreement with experiment if
a semiempirical non-resonant background is added. With some trivial ad
justments in notation the formula may be written

where a
is the absorption per unit length for an electromagnetic wave
having the electric field
PJ

—

jQj

e

The T" dependence of a is an approximation suitable for a narrow
temperature range such as is encountered in the lower regions of the
atmosphere.
O

In Equation (10), p TT7 is density in gram/m , v is frequency in cps, v _
is resonant frequency (22. 2 x 10 9 cps), and A y is the M line breadth?T in cps.
The quantities C and F are independent of frequency, temperature and
density, but A y is proportional to the collision frequency. The values of
*
C and F are
C - 0. 788 x 10" 14
F =

* Ksec
*3

(ID

1. 25x 10" 34 _!° Ksec 3
g/m3

Since A v depends upon collision frequency, it is a function of air
density and temperature (approximately, A v ^ p V~T ), either or both of
which may vary over the path of the radar waves. However, we would like
to extract from / a ds something which is proportional to Jp T" ds.
w
w -j
This will be strictly possible for an arbitrary distribution of p T only if
the product of v Ay and the bracketed term in Equation (10) is independent
of position along the ray path. Let us denote this function by g(y, Ay),
Considerable uncertainty exists as to the value of the constant F. The
value listed is such as to give approximate agreement with experiment.
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Define g (i/) as an "average" value of g(y, Ay) using the relation
Ja w ds - /P W T" 1 g(i;, Ai/)ds = g(i/)/p w T~ 1 ds .

(13)

In this definition of g (v ), we have only one parameter at our disposal, the
frequency v , so one should select y such that g(y, A v ) is as nearly constant
as possible. On the assumption that A v varies exponentially with altitude
above the surface of the earth,
Ai;

= (Ay)o e" h/ha

(14)

,

where h0ci is defined as the scale height for air. The function g(y, A y) is
shown graphically for several values of v in Figure 1 for
(Ay )Q = 2. 80 Gc/sec.
ha

(15)

= 9 km .

as given by Van Vleck [ 4 ] and Bean and Thayer [51. It is seen that on
both sides of the resonance at 1. 35 cm there is a region in which g(y, A v )
is approximately constant for the smaller values of h. The actual process of
choosing the optimum frequency according to the above criterion amounts to
setting
= 0

(16)

Assuming p T~ to vary exponentially (as does its statistical mean) with a
scale height of 3 km [ 5 ] , it is found that the optimum frequencies are
v i = 20. 8 Gc/sec .
v~ = 23.7 Gc/sec.
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(17)

Substitution of v ^ into Equation (13) then gives
g(v) = 0.00119

(18)

or

/ a w ds = 0.00119/p w T" 1 ds ,
with p

.

(19)

q

in grams/m , T in degrees Kelvin, and path length in meters.

It should be noted that the above optimum frequency is near one of the
major resonances of water vapor, and consequently the absorption cross
section has a relatively large value. The other major absorber of micro
waves in the atmosphere, molecular oxygen, does not have a resonance near
22. 2 Gc/sec. , so its absorption in this frequency region is much less than that
of water vapor, though the greater abundance of 0~ along the ray path requires
that it be taken into account.
Van Vleck [ 4 J has given a formula for the absorption due to oxygen
which can be rewritten as:
= 27.4 x

ic

. A

10!

.

1

,
j (v
v ))2 + ^(A vx'
v )2
\v - vr

I

H-

1

(v + v. )2 + (A v )2

.'

A (A,

(20)
2

where the notation is similar to that used earlier for water vapor. The
resonant frequency v r is 60 Gc/sec.
and (A y x ) o = 0. 6 Gc/sec. , so for
o
v - v JL-, = 20. 5 Gc/sec. the (A v X ) term in the denominators can be neglected. Again the exponential height dependence for the line breadth can
be assumed as approximately valid,

since p X has the same dependence on height as Ay,
a actually decreases
XX

with a scale height of h a /2 for this frequency.
is:

The result for oxygen absorption

/a x ds = (1. 10 x 10- 6 )ha (p x )0 T- 1 cscE ,
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(22)

where E is the elevation angle of the ray path. The magnitude of the integral
can be estimated by substituting approximate values for the quantities on the
right [53:
ha

-

(p x )o so that

T

=

9,000 m
279 gm/m3
293 °K

(23)

,

la X ds = 0.00943 esc E .

(24)

The magnitude of the corresponding integral for water vapor can be estimated
q
by using typical values for density, (p )Q = 15 g/m , and temperature,
T - 293 ° K, in Equation (19). We find
^L = 0.051 e" 3h/ha g/m3 ° K

(25)

and
/e* w ds - 0. 182 esc E .

(26)

Consequently, for this case
! a x ds - 0. 05 / <* w ds

(27)

We are thus fully justified in using the exponential atmosphere model for the
computation of the integral la x ds, since the effective error will be reduced
by about a factor of 20 when it is combined with the water absorption coefficient
integral.
The total microwave absorption coefficient is the sum of that for oxygen
and for water vapor,
/ads= Ja x ds + /<* w ds
and the refractivity can be separated similarly:
/Nds = / N d ds + / NW ds
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(28)

Combining the above with Equations (9, 19, and 22) one may write the water
vapor contribution to the refractivity as:
/ Nw ds - 1. 45 x 106 fa ds - 1.59 ha (p x )o T" 1 esc E

IV.

(29)

Theory of Radiometer Measurements

The above development has shown that the variable part of the refraction
correction can be estimated if the integral of the absorption coefficient along the
ray path can be measured. We shall now show that this integral can be obtained
from microwave antenna "noise" measurements.
Consider a highly directional microwave antenna pointed into the atmosphere,
connected to a receiver of bandwidth b and tuned to a frequency v . Assuming
no man-made signals at this frequency, it is necessary to consider three different
natural sources: extraterrestrial sources, atmospheric "noise," and radiation
from the surface of the earth itself. We will assume that the antenna beam
pattern is such that the third source is negligible compared to the first two.
By definition, the antenna temperature C 6, 7, 8 ] is the temperature of a
totally absorbing medium (black body) in which the antenna could be placed such
that the antenna would collect the same power within its bandwidth b as it does
in the experimental situation. Similarly, the temperature of the extraterrestrial
source is defined as that of a black body which would radiate the same power in
the same bandwidth. In passing through the atmosphere the radiation is reduced
by absorption and is increased by spontaneous and induced emission. At any
point in the atmosphere an equivalent black body temperature (which would be
measured by the antenna) can be defined as that temperature which would pro
duce the same flux density in the same bandwidth at that point. The brightness
B (v ) is the flux per unit solid angle subtended by the source, and for a black
body is related to the temperature by the Rayleigh-Jeans Law:
B(i;) =

2kT
2
X

_____watts_____
2
meter steradian cps
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(30)

where k is Boltzman T s constant. The variation of B(i^) or T along a ray
path depends simply on the difference between the equivalent black body
temperature for the incident radiation accumulated from distant sources and
the excitation temperature T of the local sources:
dT
dr

= a( v )

T-T

where a (v) is the absorption coefficient.
the temperature at the antenna:

(31)

Upon integration one finds for

f Jl

^

-I a(r')dr' r&
-j a(r')dr f
T do
= T e °
+//
a(r)T t; (r)dre °

(32)

.-'O

where T is the temperature outside the atmosphere due to extraterrestrial
sources. For an intuitive derivation of the above result the reader should con
sult the paper of Dicke [ 6 ] and for a complete discussion he should refer to
the book of Steinberg and Lequeux L 7 J .
If T were independent of r , the last integration could be readily per
formed. Since atmospheric temperatures vary with altitude by only about
10% for the regions of primary Interest, let us define a mean temperature T
by
a (r f )
a(r)Te (r) e

dr
(33)

a (r ) dr'

dr

so that:

"o

a(r)Te (r)e

°

,
a(r)dr

-j
dr =
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l-e

Jo

a(r)dr\
I

(34)

With this substitution, (32) becomes
rJi

/

a(r)dr

'

This may be solved for the integral

b

$J

a (r) dr to give
/T \
m }

-T /T

o

a(r)dr

-/

.

(36)

The limit & on the integral here is assumed to extend through the atmos
phere, so the brightness temperature T s is the temperature of extraterrestrial sources. In the microwave region, however, this temperature
is not more than a degree Kelvin [ 7 ] , and can thus for all practical
purposes be neglected except in the case of the sun or the moon.
V.

Instrumentation Requirements

From Equation (36) one finds that temperature variations of 1/2° K could
give changes in water vapor absorption or refractivity of about 1%. For quite
unfavorable conditions (surface temperatures of 305° K and 100% humidity)
radiometer temperatures of 0. 5° K accuracy at elevation angles of ~6° lead
to residual range errors of five to ten centimeters. Average weather conditions
would produce residual range errors of only three centimeters. This would
correspond to an accuracy of 1/2 N unit for the refractivity averaged over the
entire path from antenna to tracked vehicle. Such an accuracy represents a
significant improvement over present methods for evaluating the refraction
correction. Though refractometers might obtain even higher accuracy at one
point in the atmosphere, it is impractical to make sufficient refractometer
measurements to give the path integral correction available from the radiometer.
Thus, a reasonable design goal is a radiometer sensitivity of 0. 5° K,
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The sensitivity of a Dicke radiometer [ 8 I is related to receiver noise
temperature, bandwiQth b, and integration time r . For a modern amplifier
with semiconducting elements or a low noise travelling wave tube the following
formula is a good working approximation:
(A T a ) (b r ) 1//2 * 4000° K

(37)

Consideration of the arguments for frequency optimization dictates a maximum
bandwidth of 1 Gc/sec. , so the lower limit on the integration time is 0. 064 sec.
if ATa = o. 5° K. To determine if this is appropriate for tracking purposes
one must compare the antenna beamwidth with the angle swept by the antenna
during two integration periods. The factor of two is necessary because the
Dicke radiometer switches back and forth between the antenna and a reference
load. For a sweep rate of 0. 02 rd. /sec. the angle would be 0. 15 degrees. To
obtain a "matching" beamwidth at 20. 5 Gc/sec. , a large antenna (7m. diameter)
would be required. Thus in a practical application the antenna size rather than
the receiver sensitivity might be the limiting factor; i. e. , the averaging over
the main antenna lobe might be greater than the averaging due to the sweep.
This consideration is relevant since it is desirable to detect five structure inhomogeneities in the atmosphere in order to improve velocity data. Also the
A T_ci discussed earlier refers to relative measurements and not to an absolute
temperature. A detailed study of the error budget leads one to the conclusion
that even with somewhat relaxed requirements on the radiometer, ^Ta = 1° K
for a beamwidth of 1° , a refraction correction with a residual error of much
less than 1% of the total correction is possible. This is easily better than the
estimated residual of 3 to 5% with currently used methods.
The most important limitations on the present method are:
1)

The antenna cannot be pointed directly toward
the missile since its exhaust presents an
extraneous high temperature source.

2)

The accuracy deteriorates if there is a high
liquid water content in the atmosphere (rain
or dense fog and cloud).
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VI.

Conclusions

Both refraction and absorption of microwave signals in the atmosphere
depend upon known physical properties of the constituent molecules. All
constituents contribute to refraction, but absorption is due primarily to
water vapor and oxygen, the former producing the largest effect for centimeter
wavelengths. In the preceding sections the relevant theory has been developed
and it has been shown that the integrated refractive index due to atmospheric
water vapor can be expressed in terms of the properties of oxygen and the
integrated absorption, a measurable quantity. Thus, the effects of varying
amounts of water vapor can be effectively eliminated through use of a micro
wave radiometer sensitive to the atmospheric noise background associated
with the absorption. From Equations (29) and (36) the contribution of water
vapor to the integral /Nds may be written:

- 1. 36 x 104 esc E

Nw ds = - 1. 45 x 106 ^ n

(38)

where T_a is the temperature determined by the radiometer, T m is a mean
atmospheric temperature, T_s is an extraterrestrial background, and E is
elevation angle. The optimum frequency for the system is 20. 8 Gc/sec. and
it should be capable of detecting 1. 0° K changes in T , though absolute accuracy
may be limited to about 3° K with present antenna technology. The corresponding
figures for range correction due to water vapor refraction would be 3 centimeter
changes and 10 centimeter absolute inaccuracy. The antenna beamwidth should
be less than 1° in order to adequately resolve atmospheric inhomogeneities.
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Altitude (km. )
Figure 1. The function g (v, A i/)/10 U C displayed above shows the response
or sensitivity of the absorption to the water vapor density and temperature
(Equation 13). The desired uniform response over varying altitude is most
nearly attained for v = 20. 7 Gc/see. or 23. 8 Gc/sec.
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